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Abstract
Boundedness of the Hardy operator (Hf )(x) = ∫ x0 f (t) dt and its adjoint (H∗f )(x) = ∫∞x f (t) dt is
characterized between Banach function spaces Xq and Lp . By applying a limiting procedure, corresponding
boundedness of the geometric mean operator (Gf )(x) = exp( 1x
∫ x
0 lnf (t) dt) is also derived.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
The richness of Lebesgue Lp-spaces lies in the fact that these spaces are Banach spaces (for
p  1) of measurable functions. On the one hand one can use functional analytic tools while on
the other hand all measurability tools are available to exploit. Thus an extension of Lp-spaces
to general Banach spaces does not always serve the purpose since the measurability theory is
no longer retained. To this end, Luxemburg [4] introduced and developed the notion of the so-
called Banach function space which enjoys the properties as possessed by Lp-spaces and is yet
far general than Lp-spaces.
A real normed linear space X = {f : ‖f ‖X < ∞} of measurable functions is called a Banach
function space (BFS), if in addition to the usual norm axioms, ‖f ‖X satisfies the following:
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(2) 0 f  g a.e. ⇒ ‖f ‖X  ‖g‖X;
(3) 0 fn ↑ f a.e. ⇒ ‖fn‖X ↑ ‖f ‖X ;
(4) mesE < ∞ ⇒ ‖χE‖X < ∞;
(5) mesE < ∞ ⇒ ∫
E
f (x)dx  CE‖f ‖X , for some constant CE depending upon E.
Given a BFS X, its associate space X′ is defined by
X′ =
{
g:
∞∫
0
|fg| < ∞ for all f ∈ X
}
,
and endowed with the associate norm
‖g‖X′ = sup
{ ∞∫
0
|fg|: f ∈ X; ‖f ‖X  1
}
.
Examples of BFS are Lebesgue Lp-spaces, Lorentz spaces, Orlicz spaces, etc. It is known that
the second associate space of X, i.e., (X′)′ = X′′ coincides with X itself and consequently, the
norm of the functions in X can be written in terms of functions in X′. Precisely,
‖f ‖X = sup
{ ∞∫
0
|fg|: g ∈ X′; ‖g‖X′  1
}
.
A good treatment on the theory of Banach function spaces can be found, e.g., in [1]. Our
concern, in this paper, is in the BFS Xp defined below.
Let X be a BFS and −∞ < p < ∞, p 	= 0. We define the space Xp to be the space of all
measurable functions f for which
‖f ‖Xp :=
∥∥|f |p∥∥1/p
X
< ∞.
For 1 < p < ∞, Xp is a BFS. Note that for X = L1, the space Xp coincides with Lp-space.
These spaces have been studied and used in [5,8]. We aim here, at studying the boundedness of
the Hardy operator
(Hf )(x) =
x∫
0
f (t) dt
and the geometric mean operator
(Gf )(x) = exp
(
1
x
x∫
0
lnf (t) dt
)
in the context of Xp-spaces. These operators in the frame work of Lp-spaces have been widely
studied. For a good account of such work, one may refer to [2,6,7] and the references therein.
Also, for general BFS X and Y , Lomakina and Stepanov [3] studied the boundedness of H under
the so-called “-condition.”
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∥∥(Hf ) · u1/q∥∥
Xq
 C
( ∞∫
0
f p(x)v(x) dx
)1/p
(1.1)
and
∥∥(Gf ) · u1/q∥∥
Xq
C
( ∞∫
0
f p(x)v(x) dx
)1/p
. (1.2)
The Muckenhoupt-type characterization for (1.1) for the case 1 < p  q < ∞ follows from a
result of Lomakina and Stepanov [3]. We give here another characterization, the need for which
is the following.
It is known that
lim
α→0(Hαf )(x) = limα→0
(
1
x
x∫
0
f α(t) dt
)1/α
= (Gf )(x),
i.e., geometric mean operator can be studied by a limiting procedure applied to the Hardy op-
erator. However, it is observed (see, e.g., [9]) that in order to study the boundedness of the
operator G, the Muckenhoupt-type criteria for Hardy inequalities are not suitable for limiting
procedure. So, in [9], a new non-Muckenhoupt-type criterion was obtained which was suitable
to take on limits. In the light of this discussion, we give a non-Muckenhoupt-type criterion for
the inequality (1.1) which gives as a limiting case, the corresponding geometric mean inequal-
ity (1.2).
Next, we discuss the conjugate operator corresponding to H , i.e., (H ∗f )(x) = ∫∞
x
f (t) dt .
The Lp–Lq situation is simple where to get the boundedness of H ∗, either duality arguments or
variable transformation method are generally applied on the boundedness of H . In our case, the
dual of Xp is not known. Also, the variable transformation method does not seem to work here.
Thus, we derive (see Theorem 2.4) the Lp–Xq boundedness of H ∗ directly.
Throughout the paper, all functions will be Lebesgue measurable defined on (0,∞), primes
will denote conjugate indices, e.g., p′ = p
p−1 . By a weight function we shall mean a function
which is measurable, positive and finite a.e. on (0,∞).
2. Hardy-type inequalities
In [3], Lomakina and Stepanov proved the boundedness of the Hardy operator (Hf )(x) =∫ x
0 f (t) dt between general BFS X and Y . The boundedness in the particular BFS X
q and Lp is
described in the following theorem.
Theorem 2.1. Let 1 < p  q < ∞ and u,v be weight functions on (0,∞). Then the inequality
∥∥(Hf ) · u1/q∥∥
Xq
 C
( ∞∫
0
f p(x)v(x) dx
)1/p
(2.1)
holds for all measurable functions f  0 if and only if
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t>0
∥∥χ[t,∞)u1/q∥∥Xq
( t∫
0
v1−p′
)1/p′
< ∞. (2.2)
Moreover, the best constant C in (2.1) satisfies C ≈ A.
The above theorem gives Muckenhoupt-type Lp–Xq boundedness of H and it can be seen,
as observed in [9] (see also [2]) also, that this does not lead to the Lp–Xq boundedness of the
corresponding geometric mean operator. We therefore obtain below an alternate criterion for the
inequality (2.1) to hold. We use the notation V (t) = ∫ t0 v1−p′ .
Theorem 2.2. Let 1 < p  q < ∞, u, v be weight functions defined on (0,∞) and s ∈ (1,p).
Then the inequality (2.1) holds for all measurable functions f  0 if and only if V (t) < ∞,
0 < t < ∞, and
B := sup
t>0
V (s−1)/p(t)
∥∥V (p−s)/pu1/qχ[t,∞)∥∥Xq < ∞. (2.3)
Moreover, the best constant C in (2.1) satisfies
sup
s∈(1,p)
(
p
p − s
)((
p
p − s
)p
+ 1
s − 1
)−1/p
B  C  inf
s∈(1,p)
(
p − 1
p − s
)1/p′
B. (2.4)
Proof. Assume first that (2.3) holds. Taking g ≡ f pv, the inequality (2.1) becomes
∥∥(H (g1/p · v−1/p))q · u∥∥1/q
X
 C
( ∞∫
0
g
)1/p
. (2.5)
We have by using Hölder’s inequality, Minkowski’s inequality and (2.3)∥∥(H (g1/p · v−1/p))q · u∥∥1/q
X
= sup
h>0
{ ∞∫
0
( x∫
0
g1/p(y)v−1/p(y) dy
)q
u(x)h(x) dx: ‖h‖X′  1
}1/q
= sup
h>0
{ ∞∫
0
( x∫
0
g1/p(y)V (s−1)/p(y)V (1−s)/p(y)v−1/p(y) dy
)q
× u(x)h(x) dx: ‖h‖X′  1
}1/q
 sup
h>0
{ ∞∫
0
( x∫
0
g(y)V s−1(y) dy
)q/p( x∫
0
V (−(s−1)p′)/p · v1−p′
)q/p′
× u(x)h(x) dx: ‖h‖X′  1
}1/q
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(
p
p − (s − 1)p′
)1/p′
sup
h>0
{ ∞∫
0
( x∫
0
g(y)V s−1(y) dy
)q/p
× V ((p−(s−1)p′)/p)·(q/p′)(x)u(x)h(x) dx: ‖h‖X′  1
}1/q

(
p − 1
p − s
)1/p′
× sup
h>0
{ ∞∫
0
g(t)V s−1(t)
( ∞∫
t
V ((p−s)q)/p(x)u(x)h(x) dx
)p/q
dt : ‖h‖X′  1
}1/p
=
(
p − 1
p − s
)1/p′( ∞∫
0
g(t)V (s−1)(t)
∥∥χ[t,∞)V ((p−s)q)/p · u∥∥p/qX dt
)1/p

(
p − 1
p − s
)1/p′( ∞∫
0
g(t)V (s−1)(t)BpV −(s−1)(t) dt
)1/p
=
(
p − 1
p − s
)1/p′
B
( ∞∫
0
g(t) dt
)1/p
. (2.6)
Conversely, assume that the inequality (2.1) or the equivalent inequality (2.5) holds. The fact
that V (t) < ∞, 0 < t < ∞, follows from Theorem 2.1.
Fix t > 0 and consider the function
g(x) =
(
p
p − s
)p
V −s(t)v1−p′(x)χ(0,t)(x) + V −s(x)v1−p′(x)χ[t,∞)(x).
Using this function, the LHS of (2.5) takes the form∥∥∥∥∥
( x∫
0
g1/pv−1/p
)q
· u
∥∥∥∥∥
1/q
X
= sup
h>0
{ ∞∫
0
( x∫
0
g1/p(y)v−1/p(y) dy
)q
u(x)h(x) dx: ‖h‖X′  1
}1/q
 sup
h>0
{ ∞∫
t
( t∫
0
(
p
p − s
)
V −s/p(t)v1−p′(y) dy
+
x∫
t
V −s/p(y)v1−p′(y) dy
)q
u(x)h(x) dx: ‖h‖X′  1
}1/q
= sup
h>0
{ ∞∫ [(
p
p − s
)
V (p−s)/p(t)t
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(
p
p − s
)(
V (p−s)/p(x) − V (p−s)/p(t))]qu(x)h(x) dx: ‖h‖X′  1
}1/q
=
(
p
p − s
)∥∥χ[t,∞)V (p−s)/p · u1/q∥∥Xq
and the RHS becomes
C
( ∞∫
0
g(x)dx
)1/p
= C
( t∫
0
(
p
p − s
)p
V −s(t)v1−p′(x) dx +
∞∫
t
V −s(x)v1−p′(x) dx
)1/p
= C
[(
p
p − s
)p
V (1−s)(t) − 1
s − 1V
(1−s)(∞) + 1
s − 1V
(1−s)(t)
]1/p
 C
[(
p
p − s
)p
+ 1
s − 1
]1/p
V (1−s)/p(t),
since the term 1
s−1V
(1−s)(∞) becomes 0 if V (∞) = ∞ and positive if 0 < V (∞) < ∞.
Consequently, (2.5) becomes(
p
p − s
)∥∥χ[t,∞)V (p−s)/p · u1/q∥∥Xq  C[( pp − s
)p
+ 1
s − 1
]1/p
V (1−s)/p(t)
and since V (t) < ∞, 0 < t < ∞, we have(
p
p − s
)[(
p
p − s
)p
+ 1
s − 1
]−1/p
B  C. (2.7)
Since t > 0 is arbitrary (2.3) follows. Hence, the criterion is proved. The estimate (2.4) follows
from (2.6) and (2.7). 
Remark 2.3. The above theorem extends a result of Wedestig [10] who proved Lp–Lq bound-
edness of H .
Next, we discuss the boundedness of the conjugate Hardy operator (H ∗f )(x) = ∫∞
x
f (t) dt .
The situation for Lp–Lq boundedness is simple where we use the fact that H :Lp → Lq is
bounded if and only if H ∗ :Lq ′ → Lp′ is bounded, Lp′ , Lq ′ being the dual spaces to Lp and Lq ,
respectively. In our case, the dual space to Xp is not known. So, Lp–Xq boundedness of H ∗
needs to be investigated directly. We do it in the following theorem. We use the notation V˜ (t) =∫∞
t
v1−p′ .
Theorem 2.4. Let 1 < p  q < ∞, s ∈ (1,p) and u,v be weight functions on (0,∞). Assume
that V˜ (t) < ∞, 0 < t < ∞. The inequality
∥∥(H ∗f ) · u1/q∥∥
Xq
C
( ∞∫
0
f p(x)v(x) dx
)1/p
(2.8)
holds for all measurable functions f  0 if and only if
B∗ := sup V˜ (s−1)/p(t)∥∥V˜ (p−s)/p · u1/qχ(0,t]∥∥Xq < ∞ (2.9)t>0
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sup
s∈(1,p)
(
p
p − s
)[(
p
p − s
)p
+ 1
s − 1
]−1/p
B∗  C  inf
s∈(1,p)
(
p − 1
p − s
)1/p′
B∗.
Proof. The proof goes along the same lines as that of Theorem 2.2. We exhibit only the suffi-
ciency while for the necessity, we shall mention the test function.
By taking g ≡ f pv, we find that the inequality (2.8) becomes equivalent to
∥∥(H ∗(g1/p · v−1/p))q · u∥∥1/q
X
 C
( ∞∫
0
g
)1/p
. (2.10)
Assume that (2.9) holds. Then an application of Hölder’s inequality, Minkowski’s inequality
and (2.9) give∥∥(H ∗(g1/p · v−1/p))q · u∥∥1/q
X
= sup
h>0
{ ∞∫
0
( ∞∫
x
g1/p(y)v−1/p(y) dy
)q
u(x)h(x) dx: ‖h‖X′  1
}1/q
= sup
h>0
{ ∞∫
0
( ∞∫
x
g1/p(y)V˜ (s−1)/p(y)V˜ (1−s)/p(y)v−1/p(y) dy
)q
× u(x)h(x) dx: ‖h‖X′  1
}1/q
 sup
h>0
{ ∞∫
0
( ∞∫
x
g(y)V˜ s−1(y) dy
)q/p
×
( ∞∫
x
V˜ (−(s−1)p′)/p · v1−p′
)q/p′
u(x)h(x) dx: ‖h‖X′  1
}1/q
=
(
p
p − (s − 1)p′
)1/p′
sup
h>0
{ ∞∫
0
( ∞∫
x
g(y)V˜ s−1(y) dy
)q/p
× V˜ ((p−(s−1)p′)/p)·(q/p′)(x)u(x)h(x) dx: ‖h‖X′  1
}1/q

(
p − 1
p − s
)1/p′
× sup
h>0
{ ∞∫
g(t)V˜ s−1(t)
( t∫
V˜ ((p−s)q)/p(x)u(x)h(x) dx
)p/q
dt : ‖h‖X′  1
}1/p
0 0
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(
p − 1
p − s
)1/p′( ∞∫
0
g(t)V˜ (s−1)(t)
∥∥χ(0,t]V˜ ((p−s)q)/p · u∥∥p/qX dt
)1/p

(
p − 1
p − s
)1/p′( ∞∫
0
g(t)V˜ (s−1)(t)
(
B∗
)p
V˜ −(s−1)(t) dt
)1/p
=
(
p − 1
p − s
)1/p′
B∗
( ∞∫
0
g(t) dt
)1/p
and the sufficiency follows. The necessity can be obtained by putting, for a fixed t > 0, the
function
g(x) =
(
p
p − s
)p
V˜ −s(t)v1−p′(x)χ[t,∞)(x) + V˜ −s(x)v1−p′(x)χ(0,t)(x)
in the inequality (2.10). 
3. Geometric mean inequalities
In this section, we obtain the Lp–Xq boundedness of the geometric mean operator (Gf )(x) =
exp( 1
x
∫ x
0 lnf (t) dt) by a limiting procedure applied to Theorem 2.2. More precisely, we prove
the following:
Theorem 3.1. Let 0 < p  q < ∞, s ∈ (1,p) and u,v be weight functions defined on (0,∞).
Let w(x) = [G( 1
v
)(x)]q/pu(x) and θ(x) = x−s/p . The inequality
∥∥(Gf ) · u1/q∥∥
Xq
 C
( ∞∫
0
f p(x)v(x) dx
)1/p
(3.1)
holds for all measurable functions f > 0 if and only if
D := sup
t>0
t (s−1)/p
∥∥θ · w1/q · χ[t,∞)∥∥Xq < ∞
and the best constant C in (3.1) satisfies
sup
s>1
es/p
(
es + 1
s − 1
)−1/p
D  C  inf
s>1
e(s−1)/pD. (3.2)
Proof. Writing f v−1/p for f , we find that (3.1) becomes equivalent to
∥∥[G(f v−1/p)]u1/q∥∥
Xq
 C
( ∞∫
0
f p
)1/p
or
∥∥(Gf )w1/q∥∥
Xq
C
( ∞∫
f p
)1/p
(3.3)0
366 P. Jain et al. / J. Math. Anal. Appl. 334 (2007) 358–367with
w =
[
G
(
1
v
)]q/p
· u,
where we have used the fact that
G(gh) = G(g)G(h)
and that
G
(
gy
)= [G(g)]y
almost everywhere on (0,∞) for all measurable functions g and h for which G(g) and G(h) are
defined almost everywhere on (0,∞) and y ∈R.
Let 0 < α < p. Now, writing f α , w(x)x−q/α,1, p
α
,
q
α
for, respectively, f,u, v,p, q in Theo-
rem 2.2, we find that the inequality∥∥∥∥∥
(
1
x
x∫
0
f α
)q/α
· w
∥∥∥∥∥
1/q
X
C
( ∞∫
0
f p(x) dx
)1/p
(3.4)
holds for all C > 0 and for all measurable functions f > 0 if and only if
B˜ := sup
t>0
t ((s−1)α)/p
∥∥θ · w1/q · χ[t,∞)∥∥αXq < ∞
and the constant C in (3.4) has the estimate
sup
s∈(1, p
α
)
(
p
p − αs
)1/α[(
p
p − αs
)p/α
+ 1
s − 1
]−1/p
B˜1/α
 C  inf
s∈(1, p
α
)
(
p − α
p − sα
)((p−α)/(αp))
B˜1/α. (3.5)
Note that
B˜1/α = D. (3.6)
Now, taking the limit as α → 0+, we find that the inequality (3.4) becomes (3.1) which, in view
of (3.6), holds if and only if D < ∞. Also, when α → 0+, the estimate (3.5) becomes (3.2). The
lower bound in (3.2) can be obtained by using the text function
f (x) = t−1/pχ(0,t)(x) + (xe)−s/pt(s−1)/pχ(t,∞)(x), s > 1, t > 0
in (3.3). Indeed, by putting this function in (3.3), the RHS becomes
Ce−s/p
(
es + 1
s − 1
)1/p
while the LHS can be estimated as∥∥(Gf )w1/q∥∥
Xq
= sup
{ ∞∫ (
Gf (x)
)q
w(x)h(x) dx: ‖h‖X′  1
}1/q0
P. Jain et al. / J. Math. Anal. Appl. 334 (2007) 358–367 367= sup
{( t∫
0
t−q/pw(x)h(x) dx +
∞∫
t
x−sq/pt(s−1)q/pw(x)h(x) dx
)
: ‖h‖X′  1
}1/q
 t (s−1)/p sup
{ ∞∫
t
w(x)
xsq/p
h(x) dx: ‖h‖X′  1
}1/q
= ∥∥χ[t,∞) · θ · w1/q∥∥Xq
and we are done. 
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